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Inverse Solution Uniqueness and Domain of Existence
for Space-Marching Applications
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Inverse solution existence and uniqueness issues are discussed for supersonic and hypersonic three-dimensional
inverse procedures that use space-marching techniques. By using extreme body-slope angle, a simple method to
estimate the limiting domainof inverse solutionexistence is proposed and applied to several example test cases with
and without angle of attack. The method provides useful information about possible target pressure distributions
and inverse solution existence without performing any inverse calculations. By investigating the relations between
the surface pressure and the body geometry, a general explanation for inverse solution uniqueness has been
described. Sample calculations to support this explanation are presented.

Nomenclature
C p = pressure coef� cient at the body surface
i, j, k = indices of the computational plane
Mn = Mach number normal to the shock wave
M 1 = freestream Mach number
x , y, z = physical coordinates: axial, spanwise,

and vertical, respectively
ymax = planform shape
z0 = reference point value
a = angle of attack
c = ratio of speci� c heats
h = body-slope angle
h 0 = body-slope angle obtained from the surface streamline
h 1 = body-slope angle obtained from calculated pressure

coef� cient

Introduction

T HE renewed interest in the design concepts for both the high-
speed civil transport (HSCT) and space launchers, including

reusable launch vehicles (RLV) and low-Earth-orbit (LEO) satel-
lite launchers, may mark the beginning of a new era of advanced
vehicles.1 , 2 Practical inverse design methods are needed for the
speed range of these vehicles, and several have been developed re-
cently.One methodwas establishedfor axisymmetric� ow3 and then
extendedto handlegeneral three-dimensional4 bodiesassuming that
space-marchingnumerical procedures could be used. The methods
were demonstrated using the Euler equations. Both methods have
been shown to be robust and ef� cient.

Inversemethodsrequirethattheuserhavesomedesignexperience
andappreciatethe subtletyof aerodynamicdesignin order to specify
a pressure distribution for which a geometry exists. (Aerodynami-
cally attractivepressuredistributionsmay require a physicallyunre-
alistic geometry or, in general, a geometry that is unattractive from
the structural engineering standpoint). Because of the importance
of the speci� cation of the target pressure distribution in the inverse
design problem, the issue of whether a unique solution (body geom-
etry) exists for the given target pressure distribution must be con-
sidered in order to develop practical aerodynamic design methods.
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The inverse solution existence and uniqueness problem was � rst
raised by Lighthill.5 Using conformal mapping techniques in two-
dimensionalincompressible� ow, he demonstratedthat a uniqueand
correct solution to the inverse problem does not exist unless the pre-
scribedpressure(or, equivalentlyspeed)distributionsatis� es certain
integral constraints.Two constraintsarise from the requirementthat
the airfoil pro� le have a speci� c trailing-edge gap. A third, more
subtle, constraintrequires that the prescribedsurface speed distribu-
tion be compatible with the speci� ed freestreamspeed. Woods6 has
pointed out that similar constraints are also required in the mixed
design problem in which the pressure distribution is prescribed for
some parts of the airfoil and the shape is prescribed elsewhere.

Volpe and Melnik7, 8 have demonstrated that the role of cons-
traints and the question of correct formulation of the inverse prob-
lem have never been properly addressed for two-dimensional com-
pressible � ow and that, as a consequence, most existing inverse
methods for transonic � ow are not well formulated. Similar con-
straints plausibly exist for compressible � ow, at least in the absence
of shock waves.8 The existence of these three constraints implies
that in general the target speed distribution must contain three free
parameters to guarantee that the constraintscan be satis� ed through
properadjustmentof the parameters.Thus, the originallyprescribed
targetpressurechangesduringthe inversedesign iterationsto satisfy
the constraints. Introducing a potential function to formulate these
three constraintsmathematically,Volpeand Melnik successfullyap-
plied the method to two-dimensional compressible potential � ow.
Because particular forms are needed for the functions9 that correct
the target speed accordingto the constraints,it was not easy to apply
the method for general two-dimensional� ows. Thus, for compress-
ible � ow they pioneered the investigationof the existenceof inverse
solutions and formulated the constraint conditions mathematically.

A similar solution existence problem was studied by Daripa.10

He concentratedon the third constraint of Lighthill. The freestream
Mach number obtained from the input pressure distribution using
the irrotational and isentropic relations and Bernoulli’s equation is
compared with MC

1 . (The computed freestream Mach number that
is determined by the solution of the governing equations subject to
the target pressure distribution.) For a solution to exist, M 1 deter-
mined directly from the inputC p and the computed MC

1 must be the
same. Otherwise, a solutionwith the inputpressuredistributiondoes
not exist. The other two constraints5 connected to the trailing-edge
closure problem were not discussed.

The trailing-edgeclosure problem was investigatedby Volpe and
Melnik,7 Carlsonand co-workers,11, 12 andShankar13 at the subsonic
and transonicspeeds.Prescriptionof an unconstrainedpressuredis-
tribution may lead to the airfoil sections, which have either an ex-
cessively blunt trailing edge (open) or which, at least numerically,
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have the upper and lower surfaces crossed at the trailing edge (� sh-
tailed). References 11 and 12 adjusted the nose radius (relofting) to
close the trailing edge in his direct-inverse calculation. Shankar13

altered the velocity potentials in front of the leading edge to ob-
tain automatic trailing-edge closure. Even though they ignored the
role of the constraintsderivedby Lighthill5 and Woods,6 closed air-
foils and wings were generated,and their methods are useful for the
inverse problem in the subsonic and transonic � ow.

All of the inverse methods just described have been developed
for airfoils or wings in the subsonic and transonic potential � ows
and remain approximately valid even for the rotational � ow when
the shocks are relatively weak (Mn < 1.2 » 1.3). As pointed out by
Moretti,14 it is necessary to abandonthe potentialequationand to re-
place it with the Euler equationswhen the shock is not weak because
the potential � ow calculation may provide incorrect solutions.15

Even thoughsome inversemethodsfor the two-dimensionalEuler
equationshavebeendevelopedat transonicspeeds,the existenceand
uniquenessproblemsof the inversesolutionshavenot been resolved
because of the mathematical complexities in the formulation. In the
three-dimensional case, the inverse solution existence problem is
much less well developed, as discussed in Ref. 16. The question of
well-posednessdoes not seem to have been addressedproperlyeven
for incompressible � ow.16 One problem is that three-dimensional
equivalentsof Lighthill’s constraintshavenotbeen formulated.The-
oretical dif� culties, however, do not prevent the development of
useful inverse procedures.16

The purpose of this paper is to explore the existence and unique-
ness problem for supersonic and hypersonic inverse solutions. As
just mentioned, current two-dimensionalinverseEuler methods and
general three-dimensionalinverseproceduresdo not have any math-
ematical or numerical criteria for the existence and uniqueness of
the solution.However, usefulpredictionsfor the existenceof the in-
verse solutionand the veri� cation of its uniquenesscan be made for
the three-dimensional inverse procedure4 developed for the Euler
computer code17 and will be described.

Domain of Inverse Solution Existence
The recently developed three-dimensional inverse method4 as-

sumes that space marching is valid for the supersonic and hyper-
sonic freestream speed cases of interest. Thus, it steps one plane at
a time using the same approach at each station. As pointed out in
Ref. 3, the existence of the resulting body is not concerned a priori
because the body shape is found at each marching plane, and the
solutioncan simply be halted automaticallyif the speci� ed pressure
distribution leads to a body that would require a negative radius.
Thus the target pressure distribution at a current computation sta-
tion may be changed during the inverse iterations in case a negative
body thickness is predicted.

Although a general mathematical formulation or numerical cri-
teria proving the existence of the inverse solution for the Euler
equations in two-dimensionalor three-dimensionalproblems is not
available at present, the domain of inverse solution existence can
be estimated for the supersonic and hypersonic bodies that employ
space-marching techniques, with and without an angle of attack,
using simple surface pressure/body shape rules.3 , 4 These rules can
be used to establishan approximateconnectionbetween the change
of surface de� ection along a streamline and the change of pressure.
Because the relation is approximate, an iterative procedure is used
to obtain the exact connection between the geometry and pressure.
However, the rules are suf� ciently accurate to be used to establish
limits for target pressures for which bodies with a thickness greater
than zero exist. Two surface pressure/body geometry rules are con-
sidered next.

Shock-expansionpressure-shaperule17:

CP =
c + 1

2
m2 sin2 h +

2
M 1

m sin h ! 1 + (c + 1
4 )

2

M2
1 m2 sin2 h

(1)

where

m2 = M 2
1 / (M2

1 ¡ 1) (2)

a) Mach number = 3.0

b) Mach number = 6.0

Fig. 1 Pressure coef� cient as a function of surface slope for two pres-
sure-shape rules.

Tangent cone pressure-shaperule18:

CP M2
1 =

4
c + 1

(k2
0 ¡ 1) + (k0 ¡ k1)2 2( c + 1)k2

0

2 + ( c ¡ 1)k2
0

(3)

where

k1 = M 1 h (4)

k0 =
c + 1
c + 3

k1 + ! (c + 1
c + 3)

2

k2
1 +

2
c + 3

(5)

C p is shown as a functionof the body surfaceslope in Figs. 1a and
1b. At the higher Mach number they both produce similar results.

To establish the solution existence idea, consider each grid point
in the currentcrossplaneas a correspondingaxisymmetricpoint that
has the same zi (z component at i th cross plane) and calculate the
body slope angle h extreme that makes the thickness (or radius) zero.
At every grid point j in the current cross plane i , this body-slope
angle can be computed from

tan h j = (dz

dx ) j

¼
(zi + 1 ¡ zi )

D xi
¸

(z0 ¡ zi ) j

D xi
(6)

where z0 is the reference point value (z0 is set to zero for an un-
cambered geometry like an elliptic cone and is set to z value at
ymax for a cambered geometry like a cambered wing or a hypersonic
waverider). For each grid point in the i th cross plane, the surface
pressure distributiongreater than the pressuredistributionat h extreme

must be prescribed for an inverse solution to exist for all grid points
in the current (i th) computational cross plane. The angle-of-attack
effect must be considered when evaluating h extreme .

C p( h ) ¸ CP ( h extreme ) (7)
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Fig. 2 Domain of existence: elliptic cone (M 1 = 6.28, ® = 0 deg).

where, for the upper surface:

h extreme = tan ¡ 1[(z0 ¡ zi ) / D xi ] ¡ a (8)

and for the lower surface:

h extreme = tan ¡ 1[(z0 ¡ zi ) / D xi ] + a (9)

This approach is demonstrated through application to the elliptic
cone and winglike nonconical cambered body, which were consid-
ered in the development of three-dimensional inverse procedure.4

CFL3DE (Ref. 19), which solves the Euler or thin-layer Navier–
Stokes equations and is capable of treating general three-
dimensional subsonic, transonic, supersonic, and hypersonic � ow,
was used to make the numerical calculations on the Virginia Poly-
technic Instituteand State UniversityIBM 3090computer.The code
uses a cell-centered � nite volume method employing � ux-splitting
schemes.Eithera space-marchingor a globaliterationtechniquecan
be selected.For current study the space-marchingmethod was used.
A vertical plane of symmetry was assumed, and a grid of 31 £ 20
(circumferentially and radially, respectively) was used. Numerous
evaluations have veri� ed the accuracy of this code, e.g., Ref. 20.

For severalellipticbody shapes the limitingCP distributionswere
estimated using the shock-expansionrules just given in Eq. (1) for
M 1 =6.28 and zero angle of attack. As shown in Fig. 2, the pre-
dicted limit of CP using Eq. (7) is less than the CP of all of the body
shapes, which were computed computationallyusing CFL3DE, in-
cluding the body shape of zero thicknessat the i th plane. Thus it ap-
pears that no target pressure distribution,which has a smaller value
than the limit estimated from Eq. (7), will generatea physicallyreal-
izable body shape.The same approach is also applied at a =10 deg.
As shown in Fig. 3a for the upper surface and Fig. 3b for the lower
surface, the same prediction for the target pressure distribution can
be made in the presence of angle of attack. The upper-surfacezero
thicknesscomputationis in very good agreementwith the estimated
limit for the pressure distribution existence.

For winglike nonconical cambered body shape, the C p distribu-
tion was calculated for the body shape of zero thickness at the i th
plane. The analysis results and the estimated limiting Cp distribu-
tion are compared in Fig. 4a for the upper surface and Fig. 4b for
the lower surface.The result for the body shape consideredin Ref. 4
is also included. The conclusion obtained for the elliptic cone test
case remains valid for this body.

Although the prediction of the domain of inverse solution exis-
tence is limited to the space-marching problem at supersonic and
hypersonicspeeds, this approachis simple to apply, and it providesa
necessary condition for the inverse solution existencewithout mak-
ing any inverse calculations. This helps the designer to de� ne the
speci� cation of the attainable target pressure distributions for su-
personic and hypersonic body design.

a) Upper surface

b) Lower surface

Fig. 3 Domain of existence: elliptic cone (M1 = 6.28, ® = 10 deg).

Inverse Solution Uniqueness
In the three-dimensional space-marching inverse procedure4 a

pressuredistributionspeci� ed accordingto the nondimensionalized
y coordinatewith respect to the semispan length a in the cross plane
is used as a targetpressuredistribution.It is important to realize that
the planform shape is to be found as part of the solution during the
inverse iterations. In the three-dimensional inverse examples pre-
sented in Ref. 4, a unique body geometry was found, independent
of the several different guesses for the initial body geometry. This
leads to the following question:Can a convergedbody geometry be
obtained by correcting just the contour distribution, i.e., by chang-
ing the cross-sectionalshape while maintainingthe semispan length
in the cross plane? In other words, is the body shape unique which
satis� es both the target pressure speci� ed according to the nondi-
mensionalizedspan locationand the previouscross-planedata?The
question is basically a problem of the inverse solution uniqueness.
A special considerationin three-dimensionalsupersonicand hyper-
sonic � ow is the issue of downstream in� uence of the � ow� eld at a
particular cross� ow plane.

In inviscid � ow there may exist numerous solutions that satisfy
the targetpressuredistributionspeci� ed accordingto the nondimen-
sionalized coordinate y /a by similarity. (At the same freestream
condition, similar body shapes produce the same pressure distribu-
tion accordingto the nondimensionalizedcoordinate y /a.) Thus, an
in� nite number of body shapes can be generated for the given target
pressure distribution based on the nondimensionalized y / a coordi-
nate. Even though the cross-sectionalshape of a three-dimensional
body is similar in concept to the shape in two dimensions,especially
when the space-marchingnumerical technique is employed, there is
an in� uencefrom the precedingdata planeon the presentplane.That
means, the inverse solution (section geometry) in the current plane
is dependent not only on the pressure distribution according to the
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a) Upper surface

b) Lower surface

Fig. 4 Domain of existence: nonconical cambered body (M1 = 6.28,
® = 0 deg).

nondimensionalizedspan location, but also on solutions at the pre-
ceding plane. This is a general characteristic in three-dimensional
� ow. In analysis solutions the � ow properties in the present cross
plane are dependent upon both the solution at the preceding plane
and the body geometry data in the current plane.

In two-dimensional or axisymmetric � ow a new grid point zi

(body radius at i th cross plane) is determined by the surface slope
angle at the currentcrossplaneand zi ¡ 1 (body radiusat i -1st plane).
zi ¡ 1 is known from the geometry data at the preceding plane, and
the surfaceslopeangle is determinedby the speci� ed pressureusing
a surface pressure-body geometry rule.3, 4 If Cp is a single-valued
function of surface slope h , only one value of h will be found from
the speci� ed pressure coef� cient. Then the body geometry point zi

is uniquely determined. If the surface pressure-bodygeometry rule
is exact, a unique body shape will be found without any inverse
iterations.

Thus, it is necessary to consider the relation between the surface
pressure and body slope angle h to show the uniquenessof the solu-
tion. The � rst step is to show that Cp ( h ) is a single-valuedfunction
of h . As can be seen in the Fig. 1, only one value of h is matched
for the given surface pressure coef� cient for both supersonic and
hypersonic speeds. The basic idea of the three-dimensional space-
marching inverse procedure4 is to apply the surface pressure/body
geometry rules3 , 4 along the surface streamline. The surface geome-
try is then adjusted in the plane of the surface streamline (the plane
which enclosesthe pointsA, B, C in Fig. 5). From the C p- h relation,
there is only one body surface slope h for the given C p , which im-
plies that a new body geometry at the present computational plane
(i th plane) is uniquely determined by the body geometry and � ow
data at i -1st plane and the body surface slope h .

Fig. 5 Body-geometry de� nition and the shape correction along the
surface streamline.

Fig. 6 Effect of � xed planform: body-geometry convergence of the
elliptic cone (M 1 = 6.28, ® = 0 deg).

InFig. 5 AC is the surfacestreamlinethatpassesthroughthegiven
point A. C is the intersection point of the surface streamline to the
vertical plane of the i th station. (Points B, C, and h 0 are determined
by solutionsof the precedingplane.Only one valueof h 1 is obtained
by the pressure-body shape rule.) Using this information, the new
surface point D is uniquely determined. The distances from the
x axisare calculatedforpointsB,C, DP , andDM .Thesedistancesare
denoted by rB , rC , rDP , rDM , respectively. By comparing rDP , rDM

with rB andbyconsideringthe sign of h 1, either DP or DM is selected
as a new body point.3 The details are described in Ref. 4.

As the inverse iteration continues, D Cp (the difference between
the target pressure coef� cient and the calculated pressure coef� -
cient) is decreasing, and the body shape goes to the exact one. The
planform-shapemodi� cation ymax is exactly the same procedure as
with the points at C and D.

Because the inverse solution that satis� es both the target pressure
distributionand the preceding cross-planedata is unique as already
explained, the same inverse solution must be obtained regardless
of the initial guesses for the body geometry. In Ref. 4 numerous
inverse calculations were made for the elliptic cone with different
initial guesses.As the desiredbody geometry (i.e., inverse solution)
is unique, the corresponding ymax point is also unique. Thus, if the
initially assumed ymax point happens to be the same with the de-
sired (or exact) ymax point, the point should not move during the
inverse iteration for the solution to be unique. Even though the de-
veloped inverse method4 allows for the body points to move to any
direction, the body geometry must be modi� ed only along the ver-
tical direction because the planform shape (ymax point) will not be
changed during the inverse iterations. To check whether the three-
dimensional inverse procedure4 has the aforementioned behavior,
which implies the uniqueness of the solution, a sample inverse cal-
culation is performed for the elliptic cone test case. The initial body
geometry has an exact planform shape and a different thicknessdis-
tribution along the cross plane as shown in Fig. 6. Even though no
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Fig. 7 Winglike nonconical cambered body with different semispan
lengths.

a) M 1 = 6.28, ® = 0 deg

b) M 1 = 6.28, ® = 10 deg

Fig. 8 Several pressure distributions with different semispan lengths
in winglike nonconical cambered body.

restriction to the direction of body-shape correction is given, the
behavior is similar to the case with � xed planform, and a converged
body geometry is found within seven inverse iterations. The body
geometry convergence is shown in Fig. 6.

However, in general, the planformshape ymax that satis� es a given
target pressuredistribution is not known until an inverse calculation
is performed. Thus, in case the planform shape is prescribed as a
designrequirement,an understandingof the effect of the targetpres-
sure selection on the resulting planform shape is needed. The target
pressure distribution may have to be modi� ed during the inverse

Fig. 9 Inverse solution uniqueness: effect of upstream � ow� eld (M1 =
6.28, ® = 0 deg).

iterations to satisfy the given planform shape. This consideration
may lead naturally to a combination of optimization and inverse
method already used in transonic design but equally applicable to
the current class of design problems known as Smart Aerodynamic
Optimization.21

The effect of the target pressure selection on the planform shape
is investigated for the winglike nonconical cambered body.4 Body
shapes,which aredifferentmainly in semispanlength,are calculated
at M 1 =6.28, as shown in Fig. 7. The correspondingdifferencesof
the pressure distributions are clearly shown in Figs. 8a and 8b with
and without the angle of attack. Even though these body shapes are
three-dimensional,the local changesof the body shapes result in lo-
cal changesof correspondingpressuredistributionsas can be seen in
the � gures. Thus, by adjusting the target pressure distribution near
y / a = 1.0 (a is semispan length), a body shape that has a different
semispan length can be generated.This type of knowledge is useful
for practical aerodynamic design problems. By modifying the tar-
get pressuredistributionspeci� ed accordingto nondimensionalized
coordinate y /a during the inverse iterations, the developed three-
dimensionalinversemethodcan be applicableto the designproblem
of a � xed planform shape.

One other example calculation is performed for the same body
considered above at a =10 deg to illustrate the uniqueness of the
inverse solution and the connection with the upstream data plane.
Two different � ow� eld solutions are used as data in the preceding
plane (solutions for a = 0 and 10 deg), and two inverse solutions
are computed, each using the same target pressure distribution.The
results are shown in Fig. 9. As expected, the use of different data
in the preceding plane results in different body shapes for the same
target pressure distribution at the current station.

Conclusions
For the three-dimensionalinverseproblems employing the space-

marching technique, the following conclusions about the inverse
solution existence and uniqueness can be made. By using extreme
body-slope angle, a simple method to predict the domain of the in-
verse solution existence has been proposed and applied to several
example test cases with and without angle of attack. It gives useful
information about inverse solution existence without requiring an
inverse calculation. By investigating the relations between the sur-
face pressure and the body geometry, a general explanation for the
inversesolutionuniquenesshasbeendescribed.Sample calculations
to support this explanation have been presented.
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